Remarks on global solutions for nonlinear wave equations 
under the standard null conditions 



Hans Lindblad * Makoto Nakamura ' Christopher D. Sogge * 



Abstract 

A combination of some weighted energy estimates is applied for the Cauchy 
problem of quasilinear wave equations with the standard null conditions in three 
spatial dimensions. Alternative proofs for global solutions are shown including 
the exterior domain problems. 
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1 Introduction 

Let us consider the Cauchy problem of nonlinear wave equation under the standard 
null conditions 

[8 2 - A)u(t,x) = (d t u(t,x)) 2 - \Vu(t,x)\ 2 for (t,x) G [0,oo) x E 3 , (1.1) 

where A := 8\ + d 2 + <9f , and V := (81,82,83). In p52], it is pointed out that 
the combination of the weighted energy estimate 

Wt,xU\\L'«((o,T),L 2 (U 3 )) + \\(' t ~ r ) 7 ^ n lli 2 ((0,T)xR 3 ) 

<C\\V t>x u(0,-)\\l m3) + C f T f \(8 t u)(8 2 - A)u\dxdt (1.2) 
v ; Jo Jrz 

(see |25} p76, Corollary 8.2] and Alinhac [2, Theorem 1]), where T > 0, r = \x\, 
= (8t, 8i, 82, 83), 8 = (dt + 8 r , V — fd r ) denotes tangential derivatives along 
the light cone t = r, the constant C is independent of T, 7 > is any fixed real 
number, and the Klainerman-Sobolev estimate 

(1 + t + r)(l + \t - rD^Kt, x)\ < C W Qa ^ -)IU»(R3) (1.3) 

|o|<2 
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(see pll8, Proposition 6.5.1]) gives a much simplified proof for the existence of 
the small solutions for (jl.ip . where denotes the vector fields 

dt, dj, tdt + rdr, tdj + Xjdt, Xjdk — xj-dj, 1 < j ^ k < 3, (1.4) 

and a denotes multiple indices. In this paper, we generalize this argument so that 
we are able to treat the system of wave equations with different speeds and also the 
corresponding exterior domain problems. While the above weighted energy estimates 
could be generalized to treat the c > speed D'Alembertian D c := df — c 2 A, the 
operators {tdj+xjdt}j = i are not commutable with \D C if c 7^ 1, and they also makes it 
difficult to handle the energy near the obstacle when we consider the exterior domain 
problems. To avoid the use of these operators, we use the Klainerman-Sobolev type 
estimates by Sideris, Tu, Hidano and Yokoyama 

(r) l l 2 (r + t) l / 2 (ct-r) l / 2 \u'(t,x)\<C £ \\L»Z a u'(t,.)\\ L2m 

/x+\a\<2 

+ C]T \\(t + \y\)Z a (d 2 - c 2 A)u(t,y)\\ Lim , (1.5) 
H<i 

where L := tdt + rd r , Z := (dt,V ,{xjdk — Xkdj}i<j^k<3) (see Lemma [231 below). 
And we also use the weighted energy estimate by Keel, Smith and Sogge 

l|Vt,*«IU<»((o,T),L2{R3)) + ( 1 og(e + r)) _1/2 ||(x) _1/2 V ti:E ?i(t,x)|| L 2 ((0iT)xB ;3 ) 

< C\\V t , x u(0, -)||i,2(r3) + C\\{df - c 2 A)u|| L i(( 0iT)iI/ 2( R 3)) (1.6) 

(see Lemma l2.1[ below). We remark that the combination of (|1.2p . (|1.5p and (|1.6p 
gives a much simplified and elementary proof for the global existence for the small 
solutions of nonlinear wave equations under the standard multispeed null conditions. 
Especially, we give alternative proofs of the following two theorems. 



1.1 The Cauchy problems without obstacles 

We consider the Cauchy problem for a system of quasilinear wave equations with 
D > 1 propagation speeds {c/}i</<£>, c/ > 0. We put u = («!,-•• ,ud), F = 
(Ft, • • • , F D ), / = (/!,... , f D ), g =(g u ... , g D ), and we consider 

(d 2 - c 2 jA) Ul (t, x) = Fj(u', u")(t, x) for t G [0, 00), x 6 M 3 , 1 < I < D 
«(0, •) = /(■), d t u(0,-)=g(-), [L7) 

where we put do = dt, we denote the first derivatives {9jit}o<j<3 by v! , and the 
second derivatives {<9j<9fcw}o<j,A;<3 by u" . We assume that F vanishes to the second 
order and has the form 

= B I {v!) + Q I (u',u"), (1.8) 

where 

Bj(u') := Yl Bj Kjk d jU jd k u K (1.9) 

1<J,K<D 
0<j,k<3 
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Qi(u',u") := Yl Qi Kj %ujdkdim- (1-10) 

1<J,K<D 
0<j,k,l<3 

Here, {Bj J *}i</,j,i<r<£) and {Qj ^ kl }i<i,j,K<D are real constants which satisfy the 

0<7,'fc<3 0<j,k,l<3 
symmetry condition 

Qf jH = Qf, (1.11) 

which is used to derive the energy estimates. To show the global solutions, we 
assume the standard null conditions 

E E q j i kj %^i = o (i.i2) 

0<i,fc<3 0<j,k,l<3 

for any 1 < I, J, K < D with cj = cj = ck, and any (£o> £i> £2, £3) 6 E 4 with 
Co = cf (Ci + ?2 + CD- F or example, 

Bj(u') = E K JK {{d t uj){d t u K )-c 2 I {Vuj)iVu K )}+ E * J *«J«K 

1<J,K<D 1<J,K<D 
(cj,c k )=(ci,ci) (cj,ck)^{ci,c t ) 

(1.13) 

for {k ja }i<j,^<d, {A JK }i<j,if<£i C E, and Q/(u',u") = dt^B^u') satisfy the null 
conditions. It is known that any nontrivial solutions blow up in finite time in general 
for quadratic nonlinearities (see John [11]), while the null conditions guarantee the 
global solutions (see Christodoulou [3] and Klainerman |22|). We give an alternative 
proof of the following theorem, which has been shown by Sideris and Tu in |36| . 

Theorem 1.1 Let f and g be smooth functions, and let F satisfy the above standard 
null conditions. Then there exists a positive natural number N (for example, we are 
able to take N = 12) such that if 

E IK*} H ^V/(*)|| L2(R 3 )+ E \\( x ) H d*9(x)\\ L Hm (1-14) 

\a\<N \a\<N 

is sufficiently small, then there exists a unique global solution u 6 C°°([0,oo) x 1R 3 ) 

of (HZ7D- 

The proof in [36] consists of the standard energy estimates and a series of point- 
wise estimates for r l / 2 u, (r)u', (r)(ct — r) 1 / 2 ^', (r)(ct — r)u" , and the weighted 
estimate \\{ct — r)u"\\i?Qga\ plays an important role to control the energy near the 
light cone r = ct. The weighted energy estimates in (|1.2p and (|1.6p are not used in 
|36| . We remark in this paper the combination of (|1.2|) and (|1.6j) yields much sim- 
plified and elementary proof for the theorem. The key estimate is the lower energy 
estimate (|3.6|) , which is proved via a straightforward application of (|1.2|) , (jl.5|) , (|1.6|) 
and the estimate for null conditions Lemma 12.31 We generalize (|1.2p in Lemma 16.11 
It is interesting to see that Lemma 16.11 has a close similarity to (|1.6|) (cf . [321 Corol- 
lary 5] ) . The estimate (|1.6p yields much simplified proof for almost global solutions 
( [1TJ ) and also has strong applications to global solutions ([27 1 l28j |29 | [30 ], I3"3"]). 
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1.2 Exterior domain problems 

We also consider the exterior domain problem. Let fC be any fixed compact domain 
in M 3 with smooth boundary. Without loss of generality, we may assume G K. C 
{x G M 3 : |x| < 1} by the shift and scaling arguments. Moreover, we assume the 
following local energy decay estimates. Let u be the solution of 

(d? - A)u(t, x) = for (t, x) G [0, oo) x E 3 \/C 
u(t,-)\ K =0 for t G [0,oo) (1.15) 
u(0, •) = /(•). d t u(0,-)=g(-). 

If the initial data satisfy supp / U supp g C {x G M 3 \/C : |x| < 4}, then there exist 
constants C > and a > such that 

iK^OIU^eRS^H^}) < Ce" at ^ H^u / (0,-)||l2(r3\ x;) (1.16) 

[a|<l 

for any i > 0. The local energy decay estimate (|1.16p holds if the obstacle is 
nontrapping without the loss of derivatives |a| = 1 (Morawetz, Ralston and Strauss 
|31j). or the obstacle consists of certain finite unions of convex obstacles (Ikawa 

13 EDI). 

We consider the exterior domain problems for (|1.7p given by 

(d? - cjA) Ul (t,x) = F r (v!,u")(t,x) for t G [0,oo), x G M 3 \/C, 1 < I < D 
u(t,x)\ x£ dic =0 for t G [0,oo) 

«(o, ■) = /(•)> Wo.^jO, 

(1.17) 

where Fj is written as (jl.8p , ()1.9p , (jl.lOp , we assume the symmetry condition (jl.lip 
and the null conditions (|1.12|) . Since (|1.17p is the initial and boundary value problem, 
the initial data / and g must satisfy the compatibility condition. For k > and the 
solution u of (|1.17p . the condition d^u(0, •) = is written in terms of /, g and F. 
We assume the compatibility condition of infinite order, namely, d^u(0, =0 for 
any k > 0. We give an alternative proof of the following theorem, which has been 
shown in [28} [30] . 

Theorem 1.2 Let f and g be smooth functions and satisfy the compatibility condi- 
tions of infinite order. Let F satisfy the above standard null conditions. Then there 
exists a positive large natural number N (for example, we are able to take N = 64) 
such that if 

\\{*) M+1 %f(x)\\voesjc)+ E ll<z> |a|+1 ^<?(z)IU*(R3vc) (1.18) 

\a\<N \a\<N-l 

is sufficiently small, then (|1.17p has a unique global solution u G C°°([0, oo) x R 3 \/C) . 

There is a series of papers on almost global and global solutions by Keel, Smith 
and Sogge [TE] for convex obstacles, [T7] for nontrapping obstacles, [TS] and [TO] for 
star-shaped obstacles. See also [28], [29] and [30] for Ikawa's type trapping obstacles. 
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In [281 ED], the weighted estimate (jl.6p has been used, while tangential derivatives 
and (|l,2p are not used. Let B(u, v) = Ylo<j k<3 B^ djud k v satisfy the null condition 
J2o<j k<3 B^ k £j£k = f° r Co = S|=i Cf ■ One °f the advantages to use the tangential 



derivatives is that we are able to estimate the null conditions simply as 
| Yl B jk d j 'ua k v\<C\'Su\\i/\ + C\u , \\'Bv\ 

0<j,fc<3 

(see Lemma [23]) . In [281 133 ES], the type of estimate 



(1.19) 



Y Bi k d jU d k v\ < £r ■ { 



Y \Li*Z a u\\dv\ + \du\ Y \ L ^ Z 

H+\a\<l 
(j,<l 

(t-r) 



M+|a|<l 



+ c 



(t + r) 



\du\\dv\ (1.20) 



(see [371 Lemma 5.4]) has been used, which needs variants of Sobolev type estimates, 
or L°° — L 1 estimates based on the Kirchhoff formula to bound \L^Z a u\ and \L /1 Z a v\, 
and the proof for global solutions needs structural complexity. In this paper, we use 
(|1.19p , and we show the combination of two type of weighted energy estimates (ll.2p , 
(|1.6p . and the Sobolev estimates (|1.5p gives a simplified proof of the theorem. 



1.3 Notation 

We use the method of commuting vector fields introduced by John and Klainerman 
[HI [131 [21] . See also Keel, Smith and Sogge [17J for exterior domains. We denote 
the space-time derivatives by d, the rotational derivatives by O, and the scaling 
operator by L. We use v! to denote du in some cases. We denote d, by Z, and 
d, fi,L by T. We use the tangential derivatives d c on the c-speed light cone ct = \x\ 
to treat the nonlinear terms which satisfies the null conditions. We summarize as 

x = ruj, oj G S 2 , xq = i, do = o\, 

d = (do,di,d 2 ,d 3 ), 0, = (xjd k - x k dj)i<j^ k < 3 , L = td t + rd r , , . 

( z = {d,n) ± r_= (d,n,L), { ' 

k d c = (d c0 , d cl ,d c2 , d c3 ) = (d t + cd r , V x - ud r ) for c> 0. 

The operators Z, L have the commuting properties with the c speed D'Alembertian 
□ c := <9 2 — c 2 A such as 

n c Z = ZD c , □ C L = (L + 2)D C . (1.22) 

We do not use the Lorentz boosts {tdj + Xjdt} 3 =1 which are not suitable for the 
different speeds system or the exterior domain problems. We put (r) = yl + r 2 , 
(x) = Wl + \x\ 2 . The Lebesgue spaces on M 3 are denoted by L P (R 3 ) for 1 < p < oo. 
For R > 0, -L p (|x| < i?) denotes L p ({x G M 3 : \x\ < R}). The strip region is 
denoted by S T := [0, T) x K 3 for T > 0. We use LP(K 3 \/C), L p (|x| < i?) := LP{{x G 
M 3 \/C : |a?| < R}) and SV := [0,T) x (M 3 \/C) when we consider the exterior domain 
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problems. For c > 0, D c := df — c 2 A denotes the c-speed D'Alembertian. We put 
□ :=□! = (<9 2 - A). Throughout this paper, C denotes a positive constant which 
may differ from line to line. The notation a < b denotes the inequality a < Cb 
for a positive constant C which is not essential for our arguments. This paper is 
organized as follows. In sections 2 and 4, we prepare several estimates which are 
needed to show Theorem 11.11 and 11.21 respectively. Theorems 11.11 and 11.21 are shown 
in sections 3 and 5, respectively. In section 6, we put two appendices. The first is 
for the proof of the weighted energy estimates, and the second is for a remark on 
the two spatial dimensions. 

2 Several estimates to prove Theorem 11.11 



In this section, we prepare several estimates to prove Theorem ll.il 



2.1 Energy estimates 

Let us consider the general dimension n > 1 in this subsection. We put A = Y^j=x 
We use the following energy estimates for quasilinear wave equations. Let jf kl , 
1 < /, K < D, < k, I < n, be functions which satisfy the symmetry conditions 
7 f M = 7 ™. We put 

U llUl := (d? - c] A)uj - Yl l? kl dkdiu K for 1 < I < D. (2.1) 

1<K<D 
0<k,l<n 

We define the energy momentums ek(u), < k < n, and the remainder term R(u) 
by 

eo(u) := {(dtUif + cllVuj] 2 }- £ 2 1 ? 0l d u I d l u K 

1<I<D 1<I,K<D 

0<l<n 

+ l? kl d kUl d lUK 

1<I,K<D 
0<k,l<n 

ek{u) := — 2cjdoUidkUi — 2 7 f kl doUidiiiK for 1 < k < n 

1<I<D 1<I,K<D 

0<l<n 

R(u) := ]T 2(d kl ? kl )douid lUK + (dolP^dkmdwK. 

1<I,K<D 1<I,K<D 
0<k,l<n 0<k,l<3 



Then the multiplication of 2dtUi to the equation (|2.ip yields the divergence form 



d t e (u) +div (ei(w),--- ,e n (u)) = ^ 2d t ui\D^ I u I + R(u). (2.2) 

1<I<D 



6 



2.2 Weighted energy estimates 

We use the following weighted energy estimates. 

Lemma 2.1 Let n > 1. We put A := X^j=i ®] ■ Let c > and T > 0. T/ie solution 
u of the Cauchy problem 

f (d t 2 - c 2 A)u(t, x) = F(t, x) for (t, x) G [0, T) x E n 

\ «(0, •) = /(•), Mo, ■) =»(■)■ 1 j 

satisfies the following estimate, where w' = dt >x w, d c = (3* + c<9 r , V — p9 r ). 

II «' II £,~ ((o,T),£»CR«)) + ( 1 og(e + T))" 1/2 ||(x) _1/2 n / (-,x)|| i2((0iT)xK n ) 
+ (log(e + T))- 1 /2||( rf _ r .)-i/29 cU ( t)X )|| L2((0)T)xRn) 

~ IIWIIl 2 (r™) + IIsIIl 2 (ir«) + 11-^11 1 1 ((o,r),i 2 (R")) ( 2 - 4 ) 

The estimate for the first term in the left hand side is the standard energy 
estimate. The estimate for the second term is due to Keel, Smith and Sogge \VI\ 
Proposition 2.1] for n = 3, Metcalfe, Sogge and Hidano for general dimensions (see 
[32\ Corollary 5]). The estimate for the third term is a logarithmic version of the 
estimate due to Lindblad and Rodnianski [25, p76, Corollary 8.2] who treat the case 
n = 3 and c = 1. We generalize it as Lemma 16.11 in Appendices. 

2.3 Klainerman-Sobolev type estimates 

We also use the following Klainerman-Sobolev type estimates. 

Lemma 2.2 Let c > 0. The following inequality holds for any function u. 

( r )V2 (r + t) l/2 (ct _ r) l/2| u / (t)X) |< £ ||/^V(V)|U 2 (R3) 

IM+\a\<2 

+ J] \\(t + \y\}Z a {d?-c 2 A)u(t,y)\\ Lim . (2.5) 
H<i 

Proof. This lemma directly follows from the combination of 

{r){ct-rf 2 \u(t,x)\< \\n a <t,y)hH\y\>r) 

M<2 

+ E \\(ct-\y\)d r n a u(t,y)\\ L2{lyl>r) (2.6) 

|o|<l 

by Sideris [351 Lemma 3.3], 

{r) l / 2 {ct-r)\u'{t,x)\ < £ \\Z<*u\t,-)\\ LHR3) 

\a\<l 

+ Yl \\(ct-\y\)Z a d^u(t,y)\\ Lim (2.7) 
M<1,|/3|=2 
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by Hidano Lemma 4.1], and 
Y \\(ct-r)d^u(t,x)\\ Ll 



< \\L»Z a u'(t r )\\ LHR3) + \\(t + r)(d?-c 2 A)u(t,x)\\ Lim (2.8) 

M+|a|<l 

by Sideris and Tu [Ml Lemma 7.1]. See also Sogge [371 p74, Lemma 5.3]. □ 

2.4 Estimates for null conditions 

The null conditions are treated by the following estimates. 

Lemma 2.3 Let c > 0. Let 

B{u,v)= Y B^djudkV, Q(u,v)= Y Q jkl djud k div (2.9) 

0<i,fc<3 0<j,k,l<3 
satisfy the null conditions : 

Y B3k ^ = E Q 3kl tMi = f° r % = c 2 (fi + $ + eD- (2.io) 

0<j,fc<3 0<j,k,l<3 

Then the following inequalities hold for any a and functions u and v. 

(1) \T a B(u,v)\< Y {\ArU\^y\ + \(T^uy\\d c T^v\}, (2.11) 

/3+7<a 



(2) \r a Q(u,v)\< Y {|9 c r^||(r^ + l(r^p c (rWI 

/3+7<a 

| |(rVi( i(rMi + |(r^ri) 



}, (2.12) 



(r) 

where ft < a means any component of the multiindices satisfies the inequality. 

Proof. (1) First, we consider the case a = 0. Let = — c and u) = (u)i, 0J2, ^3) £ 
S 2 . Since Y^o<j k<3 B J ojjUJk = by the null condition, we have 

B( U ,V)= Y B jk d jU d k V- Y B^UjLUkdrUdrV 
0<j,k<3 0<j,fc<3 

= Yj B^ k {{dj — ujjd r )udkV + ujjd r u{dk — 0Jkd r )v}. (2.13) 

0<J,fc<3 

So that, we have \B(u,v)\ < |<9 c u||t>'| + |u'||5 c u|. 

For any a, we have by the similar argument for Lemma 4.1 in [36] 

T a B(u,v)= Y Bp^u^v), (2.14) 

,3+7<a 



where {-Bg i7 }/3+ 7 < a are quadratic nonlinear terms which satisfy the null conditions. 
The required estimate follows from the above two results. 
(2) By the same argument for (1), we have 

Q(u,v) = Y Q jkl {d C jud k div + ujjd r u(d ck div + u k d r d c iv)}. (2.15) 

0<j,k,l<3 

So that, we have 

I nj I I 7/ 1 

\Q(u,v)\ < \d c u\\v"\ + \u'\\d c v'\ + (2.16) 

r 

where we have used \d r d c iv\ < |9 c ;Vu|+|u'|/r for the last inequality. Since \Q(u, v)\ < 
|?/||t>"| for r < 1, we have the required inequality for the case a = 0. The case 
also follows from 

F a Q(u,v) = ]T Qp^u^v), (2.17) 

/ 3+7<a 

where {Q p )7 } /?+ 7 < a are quadratic nonlinear terms which satisfy the null conditions. 

□ 

3 Continuity argument to prove Theorem 11.11 

We prepare the following proposition to prove Theorem ll.il 



Proposition 3.1 Let Mq and N be positive numbers which satisfy Mq + 5 < N < 
2Mq — 2. For example, we are able to take Mq = 7 and N = 12. We put 

e:= Y, ll^) H ^V/(x)|| L2(R 3 )+ \\(x) H d«g(x)\\ LHm . (3.1) 

\ct\<N \a\<N 

Let T > and A > 0. Let u G C°°([0,T) x R 3 ) be the local solution of CC7|). We 
assume 

V sup (r) 1/2 (t + r) 1/2 {c/t-r) 1/2 |rX(M)l < A e. (3.2) 

i i^.., 0<t<T 
\a\<M - R 3 

1<I<D X&K 

Then there exist constants Cq > 0, which is independent of Aq, and C > 0, which is 
dependent on Aq, such that the following estimates hold. 

(1) Yl H rV (*' -)\\L*m < Ce(l + t) Ce for 0<t<T, < M < N. (3.3) 

\a\<M 

(2) Y, (logie + t^Uxr^u'i^x)^^ 

\a\<M-l 

+ Y (^(e + t))- 1 / 2 !!^,-^- 1 /^^^,^)!!^^) 

|a|<Af-l 
1<7<D 

< Ce(l + t) Ce for 0<t<T, < M < N. (3.4) 
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(3) Bvp{r) 1 / 2 {r + t) 1 / 2 {c I t-r) 1/2 \r a u' I (t,x) 



\a\<M +3' 
KKD 



< Ce(l + t) Ce for 0<t<T. (3.5) 



(4) Yl Hr^'lUoo^T),^^)) < C e + Ce 3 ' 2 . (3.6) 

H<A/ +2 

(5) V sup (r) 1 / 2 ^ + r) 1 / 2 (c/i-r) 1/2 |rV J (t,x)| < C e + Ce 3/2 . (3.7) 
■ rrf, o<t<T 

1</<D xfeK 

3.1 Proof of Theorem fTTTI 

Here we prove Theorem II .11 We use the continuity argument which shows that the 
local in time solution u does not blow up if its initial data is sufficiently small. Since 
the constant Co is independent of Aq in Proposition [37TJ we put Aq = 4Co and take e 
sufficiently small such that Ce 3 ^ 2 < CqE. Then the right hand side of (5) is bounded 
by Aqe/2, which shows the local in time solution u does not blow up, namely the 
solution exists globally in time. □ 

3.2 Proof of Proposition 13.11 

First, we remark that under the assumption (|3.2p . we have 



E sup (t + r)\T a u'(t,x)\<Ce (3. 



M<Af/2 + l°g< T 

for some constant C > since M/2 + 1 < Mq. 
(1) For 1 < I, K < D and < k, I < 3, we put 

7 ™:= £ Qf^djuj. (3.9) 

1<J<£> 
0<j<3 

For any a with |a| < M, we use (j2.2|) and its integration to have 

d t f e (r a u)dx< V ||n 7I r% / || L2{R 3 ) ||(r"n 7 ) , || L2(R 3 ) 

+ E II^F^IU-cmajIKr^yn^^)!!^^)'!!^^). (3.10) 

1<I,K<D 
0<k,l<3 

To bound the right hand side, we use 

E IPl/^^lli 2 ^) ^ E H rQ|::l 7/ n ^llL 2 (IR 3 ) + E ll ran c / '"/||L 2 (R3) 
1<I<D 1<I<D 1<I<D 

\a\<M \a\<M \a\<M-l 

+ E E |Kr Q 7™)rV;i| L2(R 3) <^ E lirV|| L2(R3) , (3.11) 

\a\+\P\<Ml<I,K<D \a\<M 
\P\<M-1 0<fc,K3 
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where we have used (|3.8p for the last inequality. Since S|a|<Af l|r a ^'||z, 2 (R 3 ) * s equiv- 
alent to ^|a|<Af{/R3 eo{T a u)dx} 1 ^ 2 for small e, we obtain 



dt{j2 I zo{T a u)dx\ <-i_(j] / e (r«n)^l , (3.12) 

which leads to the required inequality by the Gronwall inequality. 
(2) By Lemma ET] the left hand side of (|3.4|) is bounded by 

C e + C £ W^n^uiWLi^^^^y (3.13) 



1<I<D 
[«|<Af-l 



For the last term, we use 



£ \r a a clUl \< £ ^1 E W ^ E (3-i4) 

1</<D \P\<M/2 \a\<M \a\<M 

\a\<M-l 

where we have used f|3.8j) for the last inequality, and (1) to obtain 



£ \\r a n JlUI \\ L i m) , L 2 m) < j £ lirV(*>0 

<e(l + tp. (3.15) 



1<I<D JiJ \a\<M 

\a\<M-l 



Therefore, we obtain the required inequality. 

(3) Let M = M + 3. By Lemma the left hand side of (03J) is bounded by 

Co ^ ||rV(t,0|| L2(M 3) + Co ^ \\(t + \y\)T a a ciUl (t,y)\\ L 2 m . (3.16) 
|a|<M+2 |a|<Af+l 

The last term is bounded by CsY^\ a \<M+2 l|r a 'U / (i, •) ||i/ 2 (R3) by (|3,8p since (M + 
2)/2 < Mo- This shows the required inequality by (1). 

(4) Let M = Mq + 2. By the standard energy estimates, we have 

£ H r ^/(MllW 3) <Co £ lirH^OIIf^ 

|a|<Af \a\<M 

+ C V f I \d t T (X u I U CI Y a u I \dxds=:A 1 + A 2 (3.17) 
\ a \<M Jo Jr3 

for 1 < I < D. We have A\ < (Cq£) 2 for some Co > which is independent of Aq. 
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By Lemma [231 A% is bounded as 

^ < E f / E l rV /l E l^r ^! E \r a u K \dxds 



1<J,K<D JU JK |a|<M |a|<M+l H<M+1 

(cj,cjf)=(cr,cj) 



1<J,K<D |q|<M |a|<M+l |a|<M+l X ' 

(cj,cjf)=(ci-,cj) 

E /* / E i r "^i E i r "^i E irv*!***- 

1<J,K<D J ° jR3 \a\<M |a|<M+l \a\<M+l 

= : A 3 + A 4 + A 5 . (3.18) 



We use (13.511 to have 



^3<e E E ||{c /S - r>- 1 /2 (s) -<5^ r ^ j | L2((o ^ )xR3) 

1<J,K<D \ a \<M+l 
(c.j,ck)=(c i ,c i ) 

• E IK»->" 1/a <*>-'r a tti f || La(( o, 4)xB . ) < e s , (3.19) 

|a|<M+l 

where 5 > is a sufficiently small number and we have used (|3.4[) to obtain the last 
inequality. Similarly, we have 



E E \\(rr 1/2 (sr 5 r a u'j\\ms t) 



1<J,K<D \a\<M+l 
(cj,ck)=(ci,£i) 

■ e \\(rr 1/2 (sr 5 r a u' K \\ L , iSt) <s s . (3.20) 

|a|<A/+l 

To bound A$, we consider the conic neighborhood defined by 

Aj:={(s,x) : 0<s<t, |c/s — r\ < cos/10}, cq := ^max^ cj (3-21) 

for 1 < I < D. We note that 

E |r^( S ,x)|<e(r)- 1 / 2 ( s + r )- 1 +^ (3.22) 

|a|<Af+l 

on M 3 \A/ by ([33]) for 1 < I < D. So that, we have 

E I ra ^/l E l rQn ^ E |r a «jf|dxds 

7 |a[<M+l |a|<M+l \a\<M+l 

<e e \\( r r 1/2 ( s r s r a uj\\L>(s t) 

\a\<M+l 

• E ||(r)- 1/2 ( S )- 5 rV^|U 2(St) < £ 3 , (3.23) 

|a|<Af+l 
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where 5 > is sufficiently small. Since M. 3 = (M 3 \A 7 ) U (M 3 \Aj) U (R 3 \A K ) by 
(cj,ck) 7^ (c/,c/), we obtain A§ < e 3 and the required inequality. 

(5) The left hand side of (5) is bounded by (Cq+Ce) Y^\ a \<M +2 0IU 2 (]R 3 ) 
by the similar argument for the proof of (3). The required inequality follows from 
(4). ' □ 

4 Several estimates to prove Theorem 11.21 

In this section, we prepare several estimates to prove Theorem 11.21 in the next 
section. Let c>0, 0<T<oo. We show the estimates for the solution of the 
scalar-valued problem 



D c u = F for (t, x) e [0, T) x 

u(t,-)|oc = for te [0,T) (4.1) 
u(0, ■)=/(■)> d t u(0,-)=g(-), 

where D c := d 2 — c 2 A. Let £ G C^°(R 3 ) be a function which satisfies < £ < 1) 
C(x) = 1 for |x| < 3, and £(x) = for |x| > 4. Regarding (l-C)-F, (1-C)/, (l-C)s 
as functions on M 3 by zero-extension, let t> be the solution of 

U c v = (1 - C)F for (t, x) e [0, T) x E 3 

t;(0, •) = ((1 - C)/)(0, ^(0, •) = ((1 - C)ff)(0- 1 j 

4.1 Estimates for boundary terms 

We use the following estimates to bound the terms from the commutator estimates. 
Lemma 4.1 The solution u of (|4.ip satisfies the following estimate. 

Y \\L^d a u'(t,-)\\ L , i{xm3 \ K:{xl<2}) <e- at ' 2 Y \\L»d a u(0,-)\\mm*\Q 

fj,+\a\<M n+\a\<M+2 

r-t 



+ [e-^y 2 \\L»d a aMsr)\\LH ix m3\ic-.\ x \<4}) ds 

n+\a\<M+l 

fJ,<fiO 

+ Yj \\L' 1 d a \D c u(t, -)llL 2 ({a;eM 3 \X::|a;|<4}) 
fi+\a\<M-l 

n<no 

' " n+\a\<M+l 



+ Y H^ a ^,-)||L 2 ( {a;e R3: N <3}) V0<KT. (4.3) 
H+\a\<M-l 
/^<M0, I/3|<1 
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Proof. For simplicity, we only consider the case c = 1. Let u\ and u 2 be the 
solutions of the boundary value problems 

Du 1 = (Du, «i|a/c = 0, , , 

ui(o, •) = c«(o, •), d t u 1 (o,-) = (d t u(o,-), { -> 

Ou 2 = (1 - QUu, u 2 \ dfC =0, f a r\ 

u 2 (0, •) = (!" 0<0, •), d t u 2 (0, •) = (!- C)9t«(0, •)• 1 ' 

Then we have u = u\ + u 2 . By the local energy decay estimates (|1.16p . we have 

H+\a\<M [i+\a\<M+2 
/J,<fJ,0 V<P-o 

+ / e-^/ 2 E II^^Dn( S ,-)||L 2 ( {a;eR 3\yc:|,|<4})^ 

- 70 m +|q|<M+1 
H<HO 

+ £ HZ^^nuCt, -)IU»«*6R»\X::|*|<4})- (4-6) 
H+\a\<M-l 

Let U3 := u|r3\£ and 114 := u 2 — U3. Then 0^4 = 7x4(0,-) = dtu^O,-) = 0. Let 
p £ C^°(R 3 ) be a function with = 1 for |x| < 2, and p(x) = for \x\ > 3. We 
put u 2 := /)ti3 + U4. Then u 2 = u 2 for \x\ < 2, and 

Uu 2 = -2Vp ■ Vu 3 - (Ap)u 3 , u 2 (0, •) = pu 3 {0, •), d t u 2 {0, •) = pd t u 3 (0, •) (4.7) 
So that, by (|1 . 16[) . we have 

E WL^d^u'zit, •)llL 2 ({xeR3\?C:| : c|<2}) = E ll^^^'C^, •)lli 2 ({rreM 3 \/C:|a ; |<2}) 
(U+|a|<M /Lt+|a|<M 

<e- at l 2 Y \\L»d a u^-)\\mm*\v 

H+\a\<AI+2 
ft ^ 

\ds 



+ [ e-^' 2 £ ||W^( S ,-)lb( { * e R3 : 

' " ;i+|a|<M+l 



|x|<3})« 

^<Mo, I/?I<1 

+ ^ [|L^0VV)||i*({* e R3: W <3})- (4.8) 
H+\a\<M-l 
M<W), |/3|<1 

Therefore, we obtain the required estimate. □ 
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Lemma 4.2 The solution u of (|4.ip satisfies the following estimate. 

(1) (l+OII^^^OIIiac^^H^})^ E ll^n(0,-)||L 2 (R3 W 

/i+|Q|<M /u+|a[<Af+2 

+ E SUp (l + s)||L^Z Q D c n(s,-)||L2({ :C GM3\^:| a; |<4}) 

i | , , . . 0<s<t 

+ £ sup (1 + S )||L^ a 9^( S , Oll^^eK^No}) /or < i < T. (4.9) 

M+ |a|<M+l ^* 
M<Mo, I/?I<1 



(2) ^ ||^5 a «'|U»((0,T)x{x 6 R»\^[ !B [<2})^ E ii^mcoiil^ 

At+|a|<M /i+|a|<A/+2 

+ E H^ M, 9 a|::l cW||Li((o,T),L 2 ({xeK 3 \/C:|x|<4})) 
M+|a|<A/+l 

+ E ll^^ Q|=l c^||L2(( 0iT ) x { 2 . gR 3\/ C: | x | < 4}) 

^+|a|<Af-l 
/j.<no 

+ e 11^^ 

/i+|a|<A/+l 
M <min{ W) ,A/}, |/3|<1 

Proof. The results follow from Lemma [4.1 1 the boundedness of te~ at l 2 for (1), and 
the Young inequality for the time variable for (2). □ 

The following result has been partially shown in [30, Lemma 2.9] for vanishing 
Cauchy data. We generalize it in complete form. 

Lemma 4.3 The solution u of (|4.ip satisfies 



E / \\L^d a u\ S ,x)\\ L 2 {{xm s\ K ._ lxl<2}) ds < E l|^>W*«(0,z)|| ii(K; 

h\a\<M fi+\a\<M+2 

+ E / II^^^^OIUa^eRS^.^K^dr 

/^+H<A/+1 
fj,<fj, 

+ E If \\ L ^ dan M T r)\\L^{xm 3 \K:\\x\-c(s-T)\<4:})dTds. (4.11) 
, l_l^n^ , , JO JO 



H+\a\<M+l ' 
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Proof. The required result easily follows from the integration by t of (|4.3p and the 
Young inequality if we show 



[\\L»d a dPv(s r )\\ L2(xm s. u<3) ds 

7T, r . JO 



H+\a\<M+l 
M<«3, I/3|<1 



< ^ ||(x)L^ Q n(0,x)|| L , (R 3 W 

/x+|o|<M+2 

c u(t, •) llL 2 ({a:eK 3 \/C:||a:|-c(s-T)|<4}) < ^ r( ^ s - (4-12) 



/i+|a|<M+l 



JO 



To show this inequality, we prepare the following claim. 

Claim 4.4 For any given functions Wq, ui\ and G, the solution w of the Cauchy 
problem 

U c w = G on [0, oo) x K 3 



w(0,-)=w (-), d t w(0,-) = Wl (-) (413) 



satisfies 



Z \\ daw ( t ^)\\L 2 ({xm 3 -.\x\<3}) ^ X] II^^CO, ■) II^C^eK 3 :!^!— c*l<4}) 

|a|<l |a|<l 

+ / \\a c w(s,-)\\ L 2 {{xm z. llxl _ c{t _ s)l<4}) ds (4.14) 

J 

for t > 0. 

Proof. We note that w is written as 

w{t, •) = d t K(t)w (-) + K(t) Wl (-) + I K{t- s)G{s, -)ds, (4.15) 



J o 

where #(i) := sin ct^/^A/cV^A, d t K(t) := cosct^/^A. Let x G Cg°(R) be a 
function with x(s) = 1 for —3 < s < 3 and x(s) = for \s\ > 4. For any fixed t > 0, 
by the Huygens principle, we have 

«;(*, x) = (x(| • I - ct)w (-)) (x) + K(t) ( X (| • | - ct)wi(-)) (x) 

+ [ K(t-s)( X (\-\-c(t-s))G(s r ))(x)ds (4.16) 



for x with |x| < 3. By the isometry of e %t ^ A and V/\/— A on L 2 (IR 3 ) and the 
embedding tf 1 ^ 3 ) ^ L 6 (M 3 ) > L 2 ({x G M 3 : |x| < 3}), we have 

ll^(*>')||l, 2 ({a;e]R 3 :|a!|<3}) ~ ll w o||L 2 ({xeK 3 :||x|-rf|<4}) 

+ [ I ^1 1 1 i a ({sc eM 3 : 1 1 a;| — c* | <4» + / II G(s, •) \\L 2 ({xeR 3 :\\x\-c(t~s)\<4})ds (4.17) 
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and 



l|Vu;(i, 0IU 2 ({a;eR 3 :|a;|<3}) < ^ ll^ W o||l,2({a:eR 3 :||a;|-ct[<4}) 

|a|<l 

+ ll w l||L 2 ({a:6K 3 :||x|-ci|<4}) + / II G(s, •) \\ L 2 ({ xe ft3.\ \ x \- c (t-s)\ <4})^ s - ( 4 -18) 







Since <9ju; is written as 

d t w{t, •) = c 2 AK{t)w (-) + d t K(t) Wl {-) + [ d t K(t - s)G(s, -)ds, (4.19) 

J o 

we have by the Huygens principle 

d t w(t, x) = c 2 AK(t) ( X (| • | - ct)wo(-)) (x) + d t K(t) ( X (\ ■ \ - ct) Wl (-)) (x) 

+ [ d t K(t-s)( X (\-\-c(t-s))G(s,-))(x)ds (4.20) 



for x with \x\ < 3. So that, \\dtw(t, •)IIl 2 ({xsk 3 :|x|<3}) is bounded by the right hand 
side of (|4,18p . And we obtain the required inequality. □ 
We apply the above claim to v and integrate it by t to obtain 



^ j \\d p v{s,-)\\ L 2 {{x9?: \ x \ <?l}) ds < ^ ! \\d p v{Q,-)\\ L 2 {{xmi ,\\ x \_ cs \ <i}) ds 

|/3|<1 |^|<1 

+ / / IPc«(r,-)||i3( {a;6 ] R 3 : [[ x [_ c ( s _ T )| < 4})rfr(Zs. (4.21) 

JO JO 

Here, the first term in the right hand side is bounded by 

f A E ll<s>^(0,-)ll^({a, e R3 ; || a: |_ cs | <4}) d S < £ |Kx)5^(0,x)|| Li(M 3). (4.22) 

|/8|<1 I/3|<1 

By the replacement of v with L^d a v and the definition of v, we obtain (|4,12p , □ 
4.2 Weighted energy estimates 

The following weighted energy estimates are the exterior domain analog to Lemma 
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Lemma 4.5 For any M > and /io > ; the solution u of (|4.ip satisfies 



^ ||L M Z a n / || iO o(( 0)T ) iL 2( R 3\/ C )) 

At+M<M 



+ ^ Oog(e + r))- 1 /2||( x >- 1 / a LMW|| 2i , (( o, r)x 



/j+|a|<M 

+ ^ OogCe + r))- 1 ^!!^-,.)-!/^^"^^^, 

/u+|a|<Af 
H</j,o 

~ ||£ M -£ a u(0, lli 2 (M«\/C) + ^ ll-^ /1 ' Z ' Q:[:l c«||ii((Q,T) ) L 2 (K3\x:)) 

/^+|q|<M+2 /i+|a|<M+l 

+ ll- £, '* 5Q!|::, c'"||L2((0,T)x{a!eR 3 \X::[a![<4})- ( 4 -23) 

f*+|a|<Af-l 

Here, the above estimate holds with all Z replaced by d. 

Proof. The inequality for the second term in the left hand side has been shown by 
Metcalfe and Sogge [6i)\ Proposition 2.6]. We show the inequality for the third term. 
The inequality for the first term follows similarly. We only show the case c = 1 for 
simplicity. First, we consider the boundaryless case. 

Claim 4.6 Let us consider the Cauchy problem 

Uu = F on [0,T)xR 3 

u(0, •) = /(•), MO, = </(•)■ 1 ' 

Let supp F C {(t,x) : < t < T, \x\ < 2}. Then we have 

(io g ( e + r))" 1/2 IK< - r)- 1/2 d u \\ L 2 mT)xm 



< 



l|V/||i2 (R 3) + |bllL2( R3 ) + ||nn|| L 2(( 0iT)xIR 3). (4.25) 



Proof. Let % > be a bump function such that x[t) = 1 f° r — 1/4 < t < 1/4, 
x(t) = for t < — 1 or t > 1, and — j) = 1 f° r anv £ > 0. Let {mj}j>-i be 

the solutions of 

□u_! = 0, «_i(0, •) = /(•), d t «-i(0,-) = <?(•), (4-26) 

= x(t-j)i ? (t,-), %(0,-) = 0, M(°.0 = O ( 4 - 27 ) 

for j > 0. Then we have u = u_i + Xlj^=o M i- By the Huygens principle, for any 
(t,x) G [0, T) x M 3 , there exists j(t,x) > -1 such that 

u(t,x) = u-i(t,x) + 5^ Uj(t,x). (4.28) 

|j-j(*.*)l<3 
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So that, we have \du(t,x)\ 2 < J2j>-i \duj(t,x)\ 2 , and 



(log(e + T))- 1 !! (t - r)- 1 / 2 ^!! 2 



L 2 ((0,T)x 



oc 



< £ (log(e + T))- 1 1| - r)- 1 / 2 ^- ||| 2((0 ^ )x 
< l|V/||! 2(K3) + C||<7||2 2(R3) + ^ || X (. - j)F\\i H(0iT))L2mv (4.29) 



where we have used (|2.4p for the last inequality. Since the last term is bounded by 
ll^ ? lli 2 ((o T)xR 3 ) d ue *° * ne Holder inequality, we obtain the required result. □ 

Claim 4.7 Let us consider the problem 

Du = F on [0,T) x M 3 \/C 

u(0, •) = /(•)> d t u(0,-)=g(-) (4.30) 
u(V)k = /or t€[0,T). 

T/ien we /icwe 



2 (log(e + T))- 1 / 2 ^* - r)- 1 ' 2 dWZ a u\\ v > mT)> 



p+\a\<M 



~ E ll-k^'MO, -)IIl 2 (R 3 \AC) + E \\ LftZa ^ u \\L 1 {(0,T),L 2 (R3\K)) 
^+|a|<A/+l fi+\a\<M 

+ E II- LM ^ Q!u/ |Il 2 ((0,T)x{xGK 3 \/C:|x|<2})- (4-31) 
^+|q|<M 

Proof. When |x| < 2, the left hand side is bounded by the last term. We consider 
the case |x| > 2. Let < rj < 1 be a smooth function such that n(x) = for |x| < 1, 
rj(x) = 1 for |»| > 2. Then rju can be seen as a function on M 3 and satisfies 

□(ryu) = TyDn - 2Vr? • Vu - (A77) • u. (4.32) 
Let Mi and u 2 be the solutions of 

n Ul =r]Du, u 1 (0,.) = M(0,-) ) $«i(0,-) = (*A«)(0,-) } (4.33) 

□u 2 = -2Vr? • Vu - {Arj)u, u 2 (0,-) = 0, d t u 2 (0,-) = (4.34) 
on [0, T) x M 3 . Since u = nu for |x| > 2, and nu = u\ + u 2 , we have 

^ (log(e + T))- l ' 2 \\(t - r)- 1 / 2 9L' 1 ^«|| L2{(0iT)x{a;6R 3 V)C: | x | >2}) 

jU+|a|<M 



< E E aog(e + T))- 1/2 ||(t-r)- 1 / 2 ^^|| i 2 ((0 ,T)xii3)=:Ji + /2. 

(4.35) 



i=l,2 M +| a |<M 
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For ui, we use Lemma 12. II to obtain 
h< Y, II^^V(0 ) -)||l 2 (k3 V)C) + Y II^^ q ^IIli((o,t),l 2 (r3 W) . (4.36) 

fi+\a\<M fi+\a\<M 

For U2, we use Claim [3~6l to obtain 

^2< ||L M Z Q n(0, •)IIl 2 (k3\/c)+ ll LM5a, "'lli 2 ((o,T)x{xei; 3 \K: : |x|<2}), 

jtt+|a|<Af+l /x+|a|<Af 

(4.37) 

where we have used the Poincare inequality for the last term. Combining these 
estimates, we obtain the required result. □ 

Now, Lemma 14.51 follows from Claim |4"7T] (2) of Lemma 14.21 and the estimate 

ll^ M ^ a,l; llL 2 ((0,T)x{xe]R 3 :|x|<3}) 

fj,+ \a\<M+2 
H<Ho 

< Y \\L fl d a u (o,-)\\m^\jc)+ E ll^nn|| L1{(0iT)>L2(K 3 W) , 

H+\a\<M+2 fj,+\a\<M+l 
fJ,<IMj M<W) 

(4.38) 

which has been shown by Keel, Smith and Sogge [17, (2.2), (2.5)]. □ 
4.3 Sobolev type estimates 

We use the following weighted Sobolev estimates from |37l Lemma 3.3]. To prove 
the estimate, we apply Sobolev estimates on (0,oo) x S 2 . The decay result is from 
comparing the volume elements of (0,oo) x S 2 and M 3 . 

Lemma 4.8 Let R > 1. The following inequality holds for any smooth function h. 

\\h\\L™{{xm a :R/2<\x\<R}) ^ R~ l ll^ Q: ^IU 2 ({2;eIR a : J R/4<|x|<2 J R})- (4.39) 

|«|<2 



Lemma 4.9 For any M > and hq > 0, the solution u of (|4.ip satisfies the 
following. 



(1) Y {r) 1/2 {t + r) 1,2 {ct-r) l/2 \L^Z a u'{t,x)\ 



H+\a\<M 



< Yl \\L»Z a u'(t,.)\\ L2{RSXK)+ Yl \\(t + \-\)L»Z*n c u(tr)\\Li 



H+\a\<M+2 fi+\a\<M+l 



+ Y t H LMu, ( t '-)llL 2 ({j / eK3\^H< 2 })- (4.40) 

^<fJ.Q 
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(2) Y {r) 1/2 {t + r) 1/2 {ct-r) 1/2 \L^Z a u\t,x)\ 
ii+\a\<M 

fM<HO 

< Yl \\L»d a u(0,-)\\ LHR3 \ !C) + Y \\^Z a U '(t,-)\\ L2{M .s\ K) 
H+\a\</J, +2 ^+\a\<M+2 

+ Y su p \\(s + \-\)^z a n c u(s,-)\\ LHR s\ K) 

lj,+\a\<max{M+l,iM>+l} 

+ Y ™P(l + s)\\L<*d a v(t,-)\\ L2{{ym3 ; lyl<3}) . (4.41) 

^+M<M0+2°- S -* 
M<M> 

Proof. The proof of (1) follows from [281 Lemma 4.2, Lemma 4.3] and Lemma [2.21 
The proof of (2) follows from (1), and (1) of Lemma l4.2i 

4.4 Commutator estimates 

Let x be a nonnegative function with x( r ) = if r < 1 and x( r ) = 1 if r > 2. We 
put 

L :=td t + x{r)rd r . (4.42) 

When we consider the version of higher derivatives by L and Z of (|2.ip , we use 
the following commuting properties (see [301 p85, pi 13] and [331 p4761]). 



(df-cjA^drm- Y, l? kl d k di~L»d?u K 

1<K<D 
0<k,l<3 

D 

= (L + 2)^O rr « / + Y X P u~L p dTd v d xUl +Y E Xv^iKlf kl l v d?d v d x u K 

p<\i-\ K=l p<n-l 

\u\<l \u\<l 

0<k,l<3 

D 

+ E E C Pq rskiK-(L p d r tl F kl )L«d s t d k d lUK , (4.43) 

K=l p+q<n 
r+s=m 
p+r>l 
0<k,l<3 

and 



(d 2 - c 2 I A)L >1 Z u ui - Y if^dkd^Z^UK 

1<K<D 
0<k,l<3 

D 

= (L + 2rZ"n ilUl +Y E C pqKSvK -(U'Z K 1 f kl )L''Z s d r 'u K , (4.44) 

K=l P+<?<M 

M+[*I<M 

q+\S\<n+\u\-l 
N=2 



21 



where \pu and XpvkiK are smooth functions dependent on lower indices which sup- 
ports are in the region {x E R 3 \/C : x( x ) — 2}, and the constants C are dependent 
on the lower indices. 

When we construct the energy estimates for the derivatives of the solution, we 
use the following estimates which follows from the elliptic regularity. For any M > 
and /io > 0, we have 

^ \\L»d a u'(t,-)\\ LHR s XK) < \\(L»diu)'(t,-)\\ LHR s\ K) 

H+\a\<M H+j<M 



+ Yl ll^9 Q n cU (t,-)||L 2 (R3^) (4.45) 



H+\a\<M-l 
fj,<Ho 

for any function u and c > which satisfies the Dirichlet condition u\qjc = 0. 
4.5 Pointwise estimates 

We use the following pointwise estimates to show (4) of Proposition 15. 1| below. The 
first is the L°° — L°° estimate due to Kubota and Yokoyama [24, Theorem 3.4] for 
the boundaryless case (see also |29t Theorem 2.4] and its proof). The second is the 
L°° — L 1 estimate based on [19, Proposition 2.1]. 

Lemma 4.10 For any 9 > 0, the solution u = (u\, ■ ■ ■ ,ud) of 

(<9f - cf A)m = Fj for (t, x) G [0, oo) x M 3 , 1 < I < D (4.46) 

satisfies 

/ i _)- 1 -L r \ _1 

(1 + 1 + r) 1 + log - r J |«j(t,x)| 

V 1 + c/t — r / 



< £ ||(<y)^>Z<V(0,y)|| Li 



M+M<3 

M<i,i<i 

+ sup lyKl + s + H^+^^^lFj^y)!, (4.47) 

(s,y)eiMM') 

where r = \x\ and Dj, Xg are defined by 

Dj(t, x) = {{s, y) E [0, oo) x M 3 : 

< s < t, \\x\ - ci{t - s)\ < \y\ < \x\ + a(t - s)}, (4.48) 



A/ = {(s,y) G [0,oo) x 



p3 . 



s > 1, \y\ > 1, ||y| — cjs\ < min |cj — ck\s/3}, (4.49) 



\ („ 7 \ _ J (1 + llyl — c J s \) l ~ e if (s,y)eAj for 1<J<D 

Ms,y)-\ ( i + | y |)i^ ( s , i/ )g((o,oo)xr3)\( Ui < j <Mj). ( j 
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Lemma 4.11 (1331 Lemma 2.12]) Let u be the solution of 

U c u = F for (t,x) G [0, oo) xR 3 

u(t,x) = for t < 0, x G M 3 , 1 ' J 

supp F C : cs/10 < \y\ < Wcs, s > 1}. 

Then 



(l + t+\x\)\u(t,x)\< V sup / \L»Z a F(s,y)\dy ( 



1 + 



log' 



1 + let — X 



M+M<3 

(4.52) 

4.6 Estimates for nonlinear terms 

We show some estimates to treat the nonlinear terms. We assume 



E sup (l + t)\Z a u'(t,x)\ < Ce (4.53) 



, , 0<t<T 
|a|<Mo 



for some constant C > 0. First we consider the semilinear part of quadratic nonlin- 
earities. For M < 2Mq, since we have 

E \L^d a (u'u')\ < E \ dau '\ E 

fj,+\a\<M \a\<M ^+|q|<M 

+ E \ d ° u, \ E \L^d a u'\ 

M () +l<|a|<M-l fj,+\a\<M-M -l 

+ E \L' M d a u'\ E \L»d a u'\. (4.54) 

fi+\a\<M/2 fi+\a\<M-l 
l</t<At(j — 1 1<M^A 1 — 1 

We obtain by the Sobolev estimate Lemma 14.81 and the assumption (|4,53D 
E \\L^(u'u')\\ L2{M3 \ K) Y WWvfWvww 

H+\a\<M n+\a\<M 

+ E ii^r^vii^^ E \\(xr 1/2 L»z°<u>\\ L2{mK) 

M +l<\a\<M-l n+\a\<M-M +l 

+ E \\{x)- 1,2 L»Z a u'\\ LH ^ XK) E \\(x)- 1/2 L^u'\\ LHR s\ K) . 

H+\a\<M/2+2 fj,+\a\<M-l 

(4.55) 
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Similarly, for the quasilinear part of the nonlinearities, we obtain for M < 2Mq — 2 
Y \\(L»d«u f )(L»dPu")\\ LHR3 \ K) < ^- Yl \\L»d a u'\\ L2(R3 \ K) 

H+\a\+v+\p\<M n+\a\<M 
v+\P\<M-l 

+ y wr^PAww) E \\(x)- 1/2 l^u'\\ l ^ k) 

M +l<\a\<M n+\a\<M-M +2 

+ y ii(*r 1/2 ^wii L2(R3VC) y wr l/2 ^d a u'\\ L ^ K) . (4.56) 

^+|a|<A//2+3 y,+ \a\<M 

l</^</t() — 1 i^M^Mo - 1 

5 Continuity argument to prove Theorem 11.21 

We prove the following proposition to prove Theorem 11.21 

Proposition 5.1 Let Mq > 9. LetfC, F, f and g satisfy the assumption in Theorem 
m We put 

e: = Y ll^) |a|+1 ^/(x)|| L2(R 3 W + Y \\(*) M+1 %9(*)\\l?Q*\>C)- ^ 

H<2Af |a]<2M -l 

Let Aq > 0. If the time local solution u of the Cauchy problem (|1.17|) with the time 
interval [0, oo) replaced by [0, T) satisfies 

Y ™p (r) 1/2 (t + r) 1/2 (c I t-r) 1/2 \Z a u' I (t,x)\ < A e (5.2) 

M<Af„ fe^Sr 
1<I<D 

and e is sufficiently small, then for any no > 0, < M < 2Mq — 2 — 10^o and °~ > 0, 
there exist constants Cm,^ > which are dependent on Aq such that the following 
inequality holds. 
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Y \\(L»diuy(t,-)\\ LHR 3\ K) + Yl \\L»d a u'(t,-)\\ LHR 3\ K) 



fi+j<M n+\a\<M 

+ ^ (log( e + i ))- 1 /2|| (x) -V2 L ^ u / ( . )X) || L2(5t) 
/i+|a|<M-2 

+ £ (logCe + tJJ-^IKc/a-rJ-^^u/^x)!^^) 

^t+|a|<M-2 
1</<D 

+ J] ||L^V(V)||L 2 (R3ve) 

/Li+|a|<M-3 

+ £ (logCe + ^J-^ll^-i/a^u'C-.xJII^^) 

/i+|a|<M-5 

^t+|a|<M-5 
1</<D 

<C MlW) e(l + t) CM -^ (£+a) (5.3) 

/or < t < T. Moreover, if Mq > 32, then there exist constants Co > 0, which is 
independent of Aq, and C > 0, which is dependent on Aq, such that the following 
inequalities hold. 

(1) Yl WZ a u'{t,-)\\ L ^ K) < Co e + Ce 2 (l + tf^\ (5.4) 

H+\a\<M +5 

(2) Y SU P {r) 1,2 {t + r) 1/2 {c I t-r) 1/2 \L»Z a u' I {t,x)\ 
^+\»\<M +3 xm3 \ K 
1<I<D 

<C e + Ce 2 {l + tf (£+ ^ (5.5) 

for < t < T. 

(3) Y \\ L * za ^\\L~W,T),L^\K)) < C e + Ce-I 2 . (5.6) 

H+\a\<M +2 
H<1 

(4) Y SU P (l + t)ll^(t.-)IU=o( { x e M3: W <3}) < Coe + Ce 2 , (5.7) 

where v = (v i, • • • , t>i)) solution of 

j (8 2 - c 2 ^) Vl = (1 - O^j /or (t, x) £[0,T)xR 3 , 1 < I < D 

\ v(0, •) = ((1 - C)/)(-), d t v(0, •) = ((1 - C)g)(.) ^ 
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and (" € Cq°(M 3 ) is a function which satisfies < £ < 1, £(x) = 1 for \x\ < 3 ; and 
((x) = for \x\ > 4. Here, (1 — C)-^\ (1 — C)/; (1 ~~ C)9 are regarded as functions 
on M 3 by zero- extension. 



(5) Yj su P (r) 1/2 (t + r) 1/2 ( Cl t - r) 1 / 2 \Z a vr i (t,x)\ < C e + Ce 3/2 . (5.9) 

M<M 

1</<D 



5.1 Proof of Theorem Q 

We use the continuity argument which shows that the local in time solution u does 
not blow up if its initial data are sufficiently small. We refer to [IS] for the existence 
of the local in time solutions. Since the constant Co is independent of Aq in (|5.9p . 
we put Aq = 4Co and take e sufficiently small such that Ce 3 / 2 < CqS. Then the 
right hand side of (|5.9[) is bounded by Aqe/2, which shows the local in time solution 
u does not blow up, namely the solution exists globally in time. □ 



5.2 Proof of Proposition 15.11 

First, we show the estimate (j5.3j) inductively, and then we derive the estimates from 
(1) to (5). We drop the indices I of cj, ui and so on to avoid the complexity. 



5.2.1 The estimate for \\L»d a u'\\ 2 
By (j4.45p . we have 

£ l|WV|| 2 < Y ll^u|| 2 + Y WL^Bcuh, (5.10) 

H+\a\<M (J.+j<M (i+\a\<M-l 

|t<£to M<W) /i<Mo 

and we estimate the last term by the argument in Section 14.61 

Y \\L»d a n c u\\ 2 <-^- Y ||#W||2 + A, (5.11) 

fi+\a\<M-l fi+\a\<M 

where 



A:= Yl IK^)" 172 ^"'^ Y \\(x)- 1/2 L»Z a u'\\ 2 

M +l<\a\<M-l n+\a\<M-M +l 

+ Y \\{x)- 1/2 U t Z a u'\\ 2 Y \\(xr 1/2 ^d a u'\\ 2 . (5.12) 

H+\a\<AI/2+2 n+\a\<M-l 

Therefore for sufficiently small e > 0, we obtain 

Y W^^'h^ WdL^uh + A. (5.13) 

H+\a\<M H+j<M 
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5.2.2 The estimate for the boundary term 

To consider the estimate for WdL^d^u^ in the next subsection, we prepare the 
estimate for the boundary term. By Lemma 14.31 we have 



f \\L»d a u>(s,x)\\ L2{lxl<2) ds < £ \\(x)L»d a u(0,x)\\ L 2 

\a\<M ,u+|a|<Af+2 
C/i — 1 /i<^t -l 

+ J2 [ \\^d a U c u(s,x)\\ Ll(]x \ <A) ds 

H+\a\<M+l J ° 

+ E /* / S |l LM9Qn c«(^^)llLl(|N-c( s -r )[<4)drds. (5.14) 
, i TT», r , , Jo Jo 



H+\a\<M+l' 
fj,<fio— 1 

Since the last two terms are bounded by 



£ ||<*>-V^V( S ,x)||^ (5t) (5.15) 



/z+|a|<max{M/2+3,M+2} 
H<Ho— 1 



due to Lemma 14.81 we obtain 



^ /"* ||L"3V|| L2(N<2) (fe < ^ ||(x)L^ Q n(0,x)|| L 2 (K 3 W 

/i+|a|<M /i+|a|<M+2 
/U</iO — 1 fl<IH) — l 

+ £ IKxr^Wlll^. (5.16) 

^+|a|<max{A//2+3,A/+2} 
H<Ho—l 

5.2.3 The estimate for ||&Z><9f ii|| 2 

Since L^d^u satisfies the Dirichlet condition, by the energy estimate (|2.2|) . we have 

dt{ [ e (L^d{u)dx} 1/2 < ||D 7 L^u|| 2 + HVluj I e {L»4u)dx\ l/2 . 

(5.17) 

By (|Q5|> . we have 

£ ||n 7 L^|| L2(M 3 W <(l + || 7 ||oo) £ ||^9 Q ^ IU 2 (|a:|<2) 
H+j<M fj,+ \a\<M 

M<MO M<W-1 

+ £ ||L^a Q D 7U || 2 + £ IKL^^-^^VOlb- (5.18) 

At+H<M M+ | Q | + y + | / 3|<M 

i/+|S|<Af-l 
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Using the estimates (|4.55p and (|4.56[) . the last two terms are bounded by 

E Wd«u% + B 

fi+\a\<M 

for M < 2M - 2, where 



(5.19) 



B:= Yl K^^'h £ 
M +l<\a\<M 



fi+\a\<M-M +2 



+ Y \\{x)- 1/2 L»Z a u% Y \\(x)- 1/2 L^d a u'\\ 2 . (5.20) 



ti+\a\<M/2+3 



ti+\a\<M 
l<£t<M0-l 



So that, by ()5.13p . the Gronwall inequality and (j5. 16fl . we have 
Y \\dL^ t u\\ L2m)C) < Y { J R3 ^{L^di^dx) 1 ' 2 



H+j<M 

fl<tlO 



fi+j<M 



< 



{ Y \\(x)L^u(0,x)\\ Limic) + Y 



H+\a\<M+2 

+ E 



At+|a|<max{Af/2+3,M+2} 



-1/2 fla /| 
7 O U 



LHSt) 



E 



M +l<|o|<M 



[t+\a\<M-M +2 



+ E 



" 1/2 L"Z a 



u lli 2 (S t ) 



E 



/i+|a|<M/2+3 
l<M</^0-l 



-^W|| i2(5t) }(l + i) 



Cr 



(5.21) 



for M < 2Mo — 2, where we have used that e > is sufficiently small for the first 
inequality. 



5.2.4 The estimate for ||L^Z < V|| 2 

By the energy estimate (|2.2|) for L^Z a u, we have 

V dt [ e (L»Z a u)dx < Y W^^'Wh 



({xGR 3 \K.:\x\<2}) 



H+\ot\<M 
H<fj,o 



fi+\a\<M+l 



+ E 

^t+|o|<M 



/ (<9tL^%)D 7 Z^Z a u(fo 



+ llVlloo Y \\^Z a U '\g (5.22) 



At+H<M 
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where we have used the trace theorem for the boundary term, so that, there is a loss 
of one derivative. By (|4.44p . we have 



Y \U^Z a u\ < Y \L^Z a D, 



ft 



fi+\a\<M 



H+\a\<M 



+ Yl \(L^Z a -f)(L u Z^d 2 u)\. (5.23) 



ii+\a\+v+\p\<M 
v+\B\<M-l 



So that, by (^55]) and (^56]) . we have 



Y \\n^z a u\\ 2 < ^- t Y WZ a u'\\ 2 + B, 



(5.24) 



fi+\a\<M 
fJ.<fJ,Q 



;i+|a|<M 
£t<£tO 



where B is B in (|5.20p with all d replaced by Z. Since \\L^Z a u'\\2 is equivalent to 
6q{L^ Z a u) for sufficiently small e > 0, we have 

Y dt I e (L»Z«u)dx < Y H LW lli2(M<2) 



At+H<M 



M+|a|<M+l 



+ TT7 E / eo(^«)cfa+ £ / 



/i+|o|<M ' 



\ 



1/2 



e (^Z Q -ti)(ix 



. /x+|a|<M' 



B. 



J 



(5.25) 



So that, by the Gronwall inequality, we obtain for M < 2Mq — 2 
Y ||^ZV|| L2(M 3 W < Y \f eo(L»Z a u)dx\ 

\a\<M a+\a\<M [ J ®- 3 \K ) 



ft+M 

fl<tM 



H+\a\l 



<{ £ ||l^V(o,-)||l 2( r3 W + £ H^-v^WiUa^) 



fi,+\a\<M 



H+\a\<M+l 
fj,<Ho 



+ £ 



(x)- 1/2 W| 



£ 



■ 1 / 2 L"ZV|| l , (S() 



M +l<|a|<M 



/i+|a|<M-M +2 



+ ^ uxr^L^z-u'w^ y \\(xr 1/2 L»z<*u'\\ LHSt) yi+tf*. 

(5.26) 



At+|o|<M/2+3 



/i+|a|<M 
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5.2.5 The estimates for the weighted energy 

By Lemma S3] and (g35j), we have for M < 2M - 2 

£t+H<A/ ^+|a|<M 

/i+|a|<Af 
1</<D 

< £ ||L^ Q n(0,-)||L 2 (M^)+ £ ll^n / || i o O((0i4)iL2(M 3 W)e log(l+t) 

^t+|a|<A/+2 ^t+|a|<A.f+2 

+ £ \\{x)- l/2 d a u'\\ LHSt) £ \\(x)- 1/2 L»Z a u'\\ L2{St) 
M +l<|a|<Af+l /Lt+|a|<M-M +3 

+ Y \\{x)- 1/2 ^Z-u'\\ L , {3t) Y \\(xr 1/2 L»d a U >\\ L2{St) . (5.27) 

H+\a\<M/2+3 n+\a\<M+l 
l</i<fio — 1 l^A'^A'O - 1 

Here, the above estimate also holds with all d replaced by Z. 

5.2.6 The proof of (1) 

The proof of (1) follows from (3^7)) with M = M + 5 and fi Q = 2 by (^31) . 
Indeed, to bound X^+H<M +5 l|£ M ^ au/ |U°°((o,i),.L 2 (R 3 VC))j we need the estimate 

/t<2 ' 

for E/i+|o!|<Mo+7 \\ Ltlzau '\\L°°((o,t)M 2 (^ 3 \>C)) h y (1523), which is bounded by Ce(l + 
t ^C(e+a) by gince m + 7 < (2M - 2 - 20) - 3 is satisfied by M > 32. 

5.2.7 The proof of (2) 

By (|5.2|) and induction argument, we have 

£ <* + |y|)|L^ Q n c n(t,y)| < e £ |Z/*ZV(t,y)|(l + t) c ( £+CT ). 

M+|a|<M +4 /x+|a|<M +5 

(5.28) 

So that, we have 



Y \\(t + \y\)L»z«n c u(t,y)\\Li 



/x+|a|<A-/ +4 

/i<l 



< £ Y \\^Z a U '(t,y)\\ Ll(R ^ K) (l + tf^\ (5.29) 



/x+|a|<Af +5 
/i<l 
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By simple calculation and (|5.16p . we have 

^t||W(t,y)|| i2(M<2) < Yl fw&*u\s,y)\\ L * M<2) ds 



M<1 ^+|a|<2' 

M<1 



< Yl \\(y)L»d a u(0,y)\\ Ll{R 3\ K) + Y \\(x)- l/2 L»Z a u'\\l 2{Sty (5.30) 

M+|a|<4 /i+|a|<4 

So that, by (|4.40p . we obtain 

Y (r) 1/2 (t + r) 1/2 (ct - r) 1/2 \L^Z a u'(t, x)\ 

fj,+\a\<M +3 
fi<l 



< Y \\(y)L»d a u(0,y)\\ LliR3 \ K) + Y \\(*r 1/2 L»Z c 



«Vll 2 „ 

~ / j ~ ~\~Ti7/i>j-,y\w.~\r^,j ' / y II \~i — -' " \\L 2 (St) 

M+M<4 M+I"l<4 
M<1 /■»<! 



+ e y n^w^^n^^a + tf^ 



[i+\a\<M +5 
fj,<l 



+ ^ ||L^V(V)|U 2(R3VC) . (5-31) 



/i+|a|<M +5 



Therefore we obtain the required estimate by (|5.3p and (1). 

5.2.8 The proof of (3) 

By the standard energy estimate, we have 



Y n^w 7 (v)iii 2 <q, Y ii^ a ^(o, -)ii| 2 

«|<iW +2 ^+|a|<Af +2 
H<1 n<l 

+ C Y 11 \{d t L^Z a u I )U Cl L^Z a u I \dxds 

, l„77lr , JW*\K 



/i+\a\<M +2' 
H<1 



+ C Y fwL^u'^x^^ds, (5.32) 

H+\a\<M +3 

where Co > is independent of Aq. We use (2) to bound the last term 

Y f^Z-u'^x^^ds 
ti+\a\<M +3 J ° 

< f \\(rr 1/2 (s + r)-^{c lS - ry^iCoe + Ce 2 (l + sf^}f L2{]x]<l) ds 

<(C e + Ce 2 ) 2 . (5.33) 



31 



Since we are able to have the bound 

V f f \{d t L^Z a u I )U Cl L^Z a u I \dxds < Ce 3 (5.34) 

/ , + | Q |<M +2' /0 
H<1 

by the similar argument for the proof of ()3,6p , we obtain the required inequality. 
5.2.9 The proof of (4) 

Let x G C°°(R) satisfy = for t < 1, and x(t) = 1 for t > 2. Let 77 G C°°(R) 
satisfy r/(r) = for r < mini</<£) C//10 or r > 10 maxi</<£) c/, and r](r) = 1 for 
mini</<£) cj/5 < r < 5maxi<K£)C;. We put p(t,x) := x(t)T](\x\ / 1) . We decompose 
u into w = (w\, ■ ■ ■ ,wd) and z = (zi, ■ ■ ■ , zd) which satisfy 

a ciWl (t,x) =p(t,x)D ei v I (t,x) for (t,x) G [0, T) x M 3 , 1 < J < £> 
«;((),.)= $u?(0, •)= 

□ C/ z/(t,x) = (1 - p(t,x))D Cl vj(t,x) for (t, x) G [0, T) xR 3 , 1 < J < -D 

*(o, ■) = «(o, ■), $*(o, •) = •)• 

(5.36) 

We note t> = u; + z and show the required estimates for w and z. By Lemma 14.111 
we have 

(l + t + \x\)\Z a Wl (t,x)\ 

\a\<2 

1+t 



< 



V sup / \L»Z a n ci w I (s,y)\dy(l + 



log 



1 + \cjt — \x\ 



. (5.37) 



A*+M<5 

So that, we have by (3) 

^(l + t)||d%;Ki,x)|| L ~ (N< 3)< Y, H L ^ V lli-((o, 4 ),L 2 (R3 W) <e 2 - (5.38) 

|a|<2 M+M<6 

On the other hand, by Lemma 14.101 we have 
Ya + t+\x\)\Z a zj(t,x)\< Y WmdyL^Z-zj^y)^^ 

M<2 A*+M<5 

M<i,i<l 

+ sup |y|(l + S + M) 1+ %( S ,y)|n ci 2 a z/( S ,2/)| (5.39) 

| Q |<2 ( s '^) e - D -r(*' a: ) 

for any fixed # > 0. Since 

2 iDe^ZiMlZil-pfry)) Y \Z a v!{s,y)\ 2 ^e^yr^s + ^T 2 (5.40) 

|a|<2 |a|<3 

by (|5.2p . we obtain 

Y(l + t+\x\)\Z a zi(t,x)\ <C e + Ce 2 . (5.41) 

[a[<2 

Combining the above estimates for wj and zj, we obtain the required estimate. 
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5.2.10 The proof of (5) 

By (|4.4ip . we have 

£ <r) 1 / 2 (t + r) 1 / 2 (rf-r) 1 / 2 |W(t, a ;)|<C7o £ H 5 "^ ' OIUw/C) 

|a|<Mo |a|<2 

+c £ \\L»z a u\t,-)\\ L 2 (R3 \ K) +c Yl su p ll(s+|-|)^ a n c u( s , •JIIl 2 (r 3 \/c) 

At+M<A/ +2 |a|<Af +l°-' S - < 

+ C SU P ( X + S )II 5< M*> •)\\&( {y& e..\ v \ <3 }) =■ D 1 + D 2 + D 3 + D 4 . (5.42) 

|a|<2 ^* 

Since we have 

Ds<e Yl \\Z a n'\\ L oo im>L2) (5.43) 

\a\<M +2 

by ()5.2p . we obtain the required result by (3) and (4). □ 

6 Appendices 

We put two notes on the weighted energy estimates and the wave equations with 
single speed. 

6.1 Weighted energy estimates 

We prove the following lemma which generalizes the weighted energy estimate of 
tangential derivatives in Lemma 2.1. Let n > 1, c > 0, A := ]Cj=i ®j an< ^ ^ := 
(di, ■ ■ ■ , d n ). We denote the tangential derivatives along the c speed light cone by 

7) _ /75 « a a ._ / (3t + c9 r , V - f a r ) for n > 2 

9c-(9 c0 ,9 cl ,--- ,9 C „).-| (9i + c9rj0) for n = lj (6.1) 

where r := |x| and d r := 7* Q^K^Xn x j^j)- -^ or an y /> 5 an d ^\ we consider the 
Cauchy problem 

(d t 2 - c 2 A)n(t, x) = F(t, x) for (t, x) £ [0, T] x W 1 

u(o, •) = /(•), ^(o, -) = <?(•)• 1 j 

Lemma 6.1 Lei n > 1. The solution u of (|6.2p satisfies the following estimate. 



sup 


/ 


L 0<t<T 


JR 




CK 


sup 


T 


3<K<0O 





1 



'1 + let - \x\\) 1+K 



(d c ou) 2 + c 2 £(<9 c .,ii) 2 > dxdt, 



3=1 



•^—r- ™ I I , 1 , ,, < (d c0 u) 2 + c 2 Y {d cj uf \ dxdt 

61og(e + cT)J J Rn l + \ct-\x\\ y ' 3 ' \ J 

< f g 2 + c 2 \Vf\ 2 dx + 2 [ [ \{d t u)F\dxdt. (6.3) 
it" Jo it™ 
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Proof. The estimate for the first term in f|6.3|) follows form the standard energy 
estimate. The bound for the second term for the case c = 1 and n = 3 is given by 
Lindblad and Rodnianski [25, p76, Corollary 8.2] (see also Lindblad and Rodnianski 
[26} pl431, Lemma 6.1]). We show its generalization following their arguments. We 
put 

e = (eo,ei,--- ,e„) := ( \{{d t u) 2 + c 2 \Vu\ 2 } , -c 2 d t uVu) . (6.4) 



Then we have 

fteo + V-(e 1} ... ,e n ) = (d t u)F. (6.5) 
Integrating it on [0,T] x M n , we obtain the standard energy estimate 

sup f e Q (t)dx< [ e (0)dx+ [ [ \{d t u)F\dxdt =: X. (6.6) 

For — oo < q < T, we consider the truncated forward light cone 
C%(q) :={{t,x) | < t < T, |x| =ct-cq}, 

Kfi(q) := {(t,x) | < t < T, \x\ < ct - cq}, (6.7) 
B T (q) :={(T,x) \ \x\ < cT - cq}, B (q) := {(0,x) | \x\ < -cq}. 

By the integration of (|6.5p on Ky(q), we have 



Y(q) :-- 



, [ e ■ (c, )da 

VT+JJcZ( q ) r> 

= / e (T)dx - / e (0)dx -II d t uFdxdt < 2X, 
JBr(a) JBn(a) J JxTta) 



<B T {q) JBo(q) J J K% '(«) 

where we have used (|6.6|) for the last inequality. So that, we have 

f T Y(q) r T 2X AX 

loo (l + c\q\y+« q ~ (l + c \q\y^ dq ~ CK 

Since a direct computation shows 



(6.9) 



Y(q) = / e da, (6.10) 

VI + C 2 JC^(q) 



where eo := \{{d c ou) 2 + c 2 X)j=i(^cj u ) 2 }' we have 



T Y(q) J f T f e 



(l + c\q\y+ K J J R n (l + lrf-rl)^" 



d 1 = / / /-,,!, ,u, M (6-11) 



where we note that duff^ = VT + c 2 dxdt/c with g = t — r/c. Combining ()6.9p and 
(|6.11|) . we obtain 



— [ T [ 7 , 6 ° ,u < 2X, (6.12) 



which is the estimate for the second term in (j6.3|) as required. 
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The estimate for the third term in (|6.3p follows similarly with slight modification. 
From (|6.8p . we have 

T 5 '(«) dq < / T **„ < «Mi±£2. (6 . 13) 



T 1 + c|g| 7_ T 1 + c|g 



By ([UTTU]) . we have 



dq= [ T [ - ^ ( 6 .i4) 



_ T l + c|g| 7 Jt> r /c-T 1 + R - r . 

On the other hand, we have 

f 6q dt f IX 
I I : -dxdt < I sup / eodx < , (6.15) 

J0 Jt<r/c-T l + \ct-r\ J Q I + CT Q< t <T Jm^ c 

where we have used <=o < 2eo and (|6.6p for the last inequality. Combining (j6. 13|) . 
(|6.14p and (|6.15p . we obtain the required estimate. □ 

6.2 Wave equations with single speed 

In this subsection, we show that the remark by Lindblad and Rodnianski for semi- 
linear wave equations in three spatial dimensions (see [251 p52]) is also useful for the 
quasilinear wave equations and the case of two dimensions. 

Let n = 2,3, and let c > 0, D > 1. We put u = (u%, • • • , Ud), F = (-Fi> • • • > Fjj), 
f = (/i, • • • , /d), g = (g±, ■ • ■ ,go), and we consider the Cauchy problem of wave 
equations with single speed c 

(<9 t 2 - c 2 A) Ul (t,x) = \u")(t,x) for (t,x) G [0,oo) x R n , 1 < I < D 
u(0, ■) = /(•)> du(0,-)=g(-), 

(6.16) 

where we put do = dt and we denote the first derivatives {dju}o<j< n by u', and the 
second derivatives {djdku}o<j t k<n Dv u " ■ We assume that F vanishes to the second 
order when n = 3, the third order when n = 2, and has the form 

= Bj(u') +Q I {v! ,u"). (6.17) 

When n = 3, Bj and Qi are given by (|1.9|) . lUj) . and satisfy the symmetry 
conditions (jl.lip . and the null conditions (|1.12|) with c := c\ = ■■■ = cp. When 
n = 2, Bj and Qi are given by 

Bi(u ) := Yl B-j KLjkl d jU jd k u K d lUL (6.18) 

1<J,K,L<D 
0<j,k,l<2 

Qi(u',u"):= ^ Q J I KLjkm djUjd k UKdid m u L (6.19) 

1<J,K,L<D 
0<j,k,l,m<2 

and satisfy the symmetry condition 

QJKLjklm = QJKIjkml^ 
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which is required for the energy conservation. We assume the standard null condi- 
tions 

£ Bj KL *%C k b= £ Qj KLjklm CMiU = (6.21) 

0<j,k,l<2 0<j,k,l,rn<2 

for any 1 < I,J,K,L < D, and any (£0,6,6) G ^ 3 with £g = c 2 (£f + £f). For 
example, Bi(u') = Y2j=i ^" ' u '{(^tuj) 2 — c 2 \\7uj\ 2 } satisfies the null conditions for 
{X j }i<j<d C M, and Q^v! ,u") = dB^u') also. 

We show an alternative proof of the following theorem. Lindblad and Rodnianski 
pointed out the simple proof for the semilinear case with n = 3 and c = 1. We 
consider the quasilinear case and also the case n = 2. 

Theorem 6.2 Let n = 2 or n = 3. Let f and g be smooth functions. Then there 
exist a positive natural number N such that if 

£ IK*> H ^V/|| L2(Rn) + £ ||(x)l Q l+^|| L2(M , l)=:e (6.22) 

\a\<N \a\<N 

is sufficiently small, then ([6.16|) has a unique global solution u G C°°([0, 00) x M n ). 

We are able to take iV = 10 when n = 3, and iV = 8 when n = 2 in the theorem. 
The above result for n = 2 has been shown by Godin [3], Hoshiga [8], and Katayama 
|14[ [15] . See also Alinhac [1] . Our proof is based on the weighted energy estimates 
Lemma |6. 11 the following Klainerman-Sobolev estimates and the estimates for null 
conditions. 

For any c > 0, C denotes the vector fields 
x ■ 

dt, dj, ctdj H — -dt, Xjdk — x k dj, 1 < j 7^ k < 3, tdt + ?"<9r (6.23) 

and a denotes multiple indices. We note that the c speed Lorentz boosts {ctdj + 
Xjdt/c}"j =1 are commutable with O c , namely, (ctdj + Xjdt/c)d c = d c (ctdj +Xjdt/c). 

Lemma 6.3 (see [7| pll8, Proposition 6.5.1], \3% p43, Theorem 1.3]) For any fixed 
c > 0, the following estimate holds for any u. 

(l +t + r) (n-D/2 (1 + | ct _ r | ) l/2| n(t)X) | < £ \\&?u(t,-)\\ L2{Rn) (6.24) 

|«|<n/2+l 

To estimates the null conditions, we use Lemma [2.31 with T replaced by C when 
n = 3. When n = 2, we use the following lemma, which proof is omitted since it 
is similar to Lemma 12.31 We put d c = (<9 c o, d&, ■ ■ ■ , d cn ) := (dt + cd r , V — uid r ), 
r = \x\, oj G d T = uo • V. 

Lemma 6.4 Let c > 0. Let 

B(u, v, w) = Eo<j,fc<2 Bi kl djud k vdiw, 
Q(u,v,w) =T,o<j,k,l<2Q jMmd 3 ud kvdid m w 
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satisfy the null conditions 

Y = Q jklm ZMlU = for e = c\ei + (6.26) 

0<j,k<2 0<j,k,l,m<2 

Then the following estimates hold for any a and functions u, v and w, where (3 < a 
means any component of the multiindices satisfies the inequality. 

(1) \e«B(u,v, w )\ < Y {|d c efn||(e>)'ll(e^)'| 

/3+7+5<a 

+ \(@^ u y\\d c e2v\\(Q s cW y\ + \(eP u y\\(@2vy\\d c e s c w\} (6.27) 

(2) \e«Q(u,v,w)\< Y {\d c e!u\\(Q2vy\\(Q s M'\ 

/3+-y+S<a 

+ \(e^ u y\\d c e2v\\(e 5 c w)"\ + |(efu)'||(e»'p c (eM'l+ 

+ ^y|(e^)'||(e»'|(|(G^)'| + |(e^)"|)} (6.2s) 

The proof of Theorem 16.21 is similar to that of Theorem 11.11 It suffices to prove 
the following proposition. In its proof, we implicitly use e 2 < Cz since e is sufficiently 
small. 

Proposition 6.5 Let n = 2 or n = 3. Let Mq be a positive number which satisfies 
Mq > 6 when n = 3, Mq > 4 when n = 2. We put 

e:= Y ll^) |a| ^V/|| L2(M „ )+ Y IK*> H+1 ^IIl W - (6-29) 

\a\<M +4 |a|<M +4 

Let T > and A > 0. We put S T := [0, T) x R n . Let u e C°°([0,T) x W l ) be the 
local solution of ()6.16j) . We assume 

Y SU P (t + r} {n - 1)/2 (ct-r} 1/2 \e«u\t,x)\ < A e. (6.30) 

\a\<M 

If e is sufficiently small, then there exist constants Cq > 0, which is independent of 
Aq, and C > 0, which is dependent on Aq, such that the following estimates hold. 

(1) Y \\®>'(t,-)\\ LHWl) <Ce(l + tf s for 0<t<T (6.31) 

H<M +4 

(2) Y (logie + t^uxy^ey'h^ 

M<M +3 

+ Y (logie + t^Ucs-ry^AQML^) 

M<A/ +3 

< Ce(l + t) Ce for < t < T (6.32) 
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(3) E SU P (s + ^) (n_1)/2 (cs-r) 1/2 |e>'(s,x)| 

< Ce(l + t) Ce for 0<t<T (6.33) 



|a|<M +2 ( s > x ) e5 * 



(4) ^ \\G«u'\\ L ~ mnL 2 {Rn)) < C e + C^ 6 "^ 2 (6.34) 

\a\<M +2 

(5) E SU P (t + r) {n - 1)/2 (ct-r) 1/2 \e«u'(t,x)\ < C e + Ce (6 ~ n)/2 (6.35) 

M<M (t'^T 

Proof. Put M = Mq + 4. First, we remark that under the assumption (|6.30p . we 
have _ 

(1 + t + r) E \Qc u '{t^)\<Ce when n = 3 

|a|<M/2+l , g 3g x 

(1 + t + r) E |9>'(t,x)| 2 < Ce 2 when n = 2 
|a|<M/3+l 

for some constant C > since M/(5 — n) + 1 < Mo. 

(1) The proof is essentially same to that of Proposition 13. II bv the use of (|6,30D , 
For 1 < /, L < D and < /, m < n, we put 

lY m --= E Q J i KLjklm d jU jd k u K . (6.37) 

1<J,K<D 
0<j,k<n 



For any a with |a| < M, we use (|2.2[) and its integration to have 

s t / e (e»dx<c V ||n 7jr G>/|| L 2 (R „ ) ||(e»'|| L 2 {R „ ) 

™ 1<I<D 

+ C Y, H^Tf^lU-CR^IKeMlli^Rn). (6.38) 



1<I,L<D 
0<Lm<n 



Similarly to (|3.1ip . we have 



E lp7J®? n j|li 2 (K n ) ~ E II^^TJ^-flU 2 ^™) 
|a|<M \a\<M 

£ A-n 



+ E E ll( c7/" m )efn // || L2 ( K n ) < TT7 E ll >'ll^(^)' ( 6 - 39 ) 



|a|+|/3|<Ml<-f,L<D |q|<M 
!|<Af— 1 0<i,m<n 



where we have used (|6.36p for the last inequality. Since Yl\ a \<M ll®c n 'llL 2 (R n ) * s 
equivalent to X^|»|<m{Jr™ e o(®c u)dx} 1 / 2 for small s, we obtain 



E $ / e (6»dx <— / e (9»dx , (6.40) 
\a\<M ^ jRn J |a|<M ^ 
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which leads to the required inequality by the Gronwall inequality. 

(2) By Lemma 12.14 we have 

Y (log( e + t))- 1 /2||( a; )-V2 e> /|| i . 2(5t) 
|«|<Af-l 

+ Y Gog(e + t)r 1 / 2 ||(«-r>- 1 / 2 S c e««[|^ (a) 

|«|<Af-l 

<C £ + C \\G«O c u\\ LimU 2 (Rn)) . (6.41) 

|q|<M-1 

The last term is bounded by 

Y ll c D cn|| L i (( o,t),L2(R")) < C / ^ ||G>'(s,-)||L2(Rn)ds 
|a|<M-l S \a\<M 

< Ce 4 - n {l + tf £ , (6.42) 

where we have used (|6.36[) . (1) and 

Y |e?n e u|<( £ lefu'i) ]T |e>'|. (6.43) 

|a|<M-l \\P\<M/(5-n) J \a\<M 

(3) The estimate follows from Lemma 16.31 and (1). 

(4) By the standard energy estimates, we have 

Y \\®>'i(t,-)\\h {m <c Y \\®>'i(^-)\\h(m 

|a|<Mo+2 |a|<M +2 

+ C V" / / \d t e°u I D e e^uj\dad8-.A 1 + A 2 . (6.44) 

\a\<M +2 J ° ™ 

We have A\ < {Cqe) 2 for some Co > which is independent of Aq. By Lemma 12.31 
with T replaced by C and Lemma [6741 A2 is bounded as A2 < ^3 + A4, where 

A * : = f [ f E l >'l) E l^ >l E (6.45) 

Jo JM" y| Q |< A / +2 / |a|<Mo+3 |a|<Mo+3 

A * : = [ L n [ E i >'i) E i >'i E i >'if^- ( 6 - 46 ) 

\H<M +2 / |a|<M +3 \a\<M +3 ^ ' 



We use (3) to have 

|a|<Mo+3 

• Y \\(r)- 1/2 (s)- S Q>'\\ms t )<Ce 6 -\ (6.47) 

H<Af +3 
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where 5 > is a sufficiently small number and we have used (2) to obtain the last 
inequality. Similarly we have 

A A <Ce'- n Y, \\{r)~ 1/a {')- S Vfr\\vm 

\a\<M +3 

■ Yl \\{r)- 1/2 (s)- 5 Q« U '\\ L2{St) <Ce G - n . (6.48) 

H<A/ +3 

Combining these estimates, we obtain the required result. 

(5) The estimate follows from Lemma 16.31 and (4). □ 
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